We consider a differential system based on the coupling of the Navier-Stokes and Darcy equations for modeling the interaction between surface and porous-media flows. We formulate the problem as an interface equation, we analyze the associated (nonlinear) Steklov-Poincaré operators, and we prove its well-posedness. We propose and analyze iterative methods to solve a conforming finite element approximation of the coupled problem.
Introduction and problem setting
Let ⊂ R d (d = 2, 3) be a bounded domain, decomposed into two non intersecting subdomains f and p separated by an interface , i.e.¯ =¯ f ∪¯ p , f ∩ p = ∅ and¯ f ∩¯ p = . We suppose the boundaries ∂ f and ∂ p to be Lipschitz continuous. From the physical point of view, is a surface separating the domain f filled by a fluid, from a domain p formed by a porous medium. We assume that the fluid contained in f has a fixed surface (i.e. we do not consider the free surface fluid case) and can filtrate through the adjacent porous medium. See for example Fig. 1 .
In this paper, we will refer explicitely to the hydraulic situation of Fig. 1 left. However, the mathematical results that we present can apply with minor changes also to the more general framework introduced above (see Remark 1).
In order to describe the motion of the fluid in f , we introduce the Navier-Stokes equations: ∀t > 0,
where T(u f , p f ) = ν(∇u f + ∇ T u f ) − p f I is the Cauchy stress tensor, ν > 0 is the kinematic viscosity of the fluid, while u f and p f are the fluid velocity and pressure, respectively; ∇ is the gradient operator with respect to the space coordinates.
In the domain p we define the piezometric head ϕ = z + p p /(ρ f g), where z is the elevation from a reference level, p p is the pressure of the fluid in p , ρ f its density and g is the gravity acceleration.
The fluid motion in p is described by the equations:
where u p is the fluid velocity, n is the volumetric porosity and K is the hydraulic conductivity tensor K = diag(K 1 , . . . ,
The first equation is Darcy's law. In the following we shall denote K = K /n = Fig. 1 Schematic representation of a 2D section of possible computational domains: the surface-groundwater setting on the left, and the blood-flow problem on the right
